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Abstract
The veriﬁcation of a number of mixed-technology and
mixed-signal designs (RF circuits, for instance) often requires frequency-domain simulations of nonlinear systems
in the presence of signals that are best characterized as
having continuous frequency spectra. This paper describes a new frequency-domain simulation algorithm for
the computation of the response of nonlinear systems to
band-limited signals with continuous spectra. The algorithm is based on an orthogonal series expansion of the
signals in the frequency domain, and does not rely on
a linearization of the system equations. Signal spectra
are obtained from the solution of a system of nonlinear
algebraic equations, and windowing techniques are used
to eliminate the Gibbs phenomenon and to improve the
spectral accuracy of the results. For this purpose, the
performance of a number of windows is compared on the
basis of a newly introduced characteristic function, the
windowing error kernel. Numerical results obtained from
the simulation of an optical ampliﬁer that are representative of the algorithm’s performance are presented.
Introduction
Recent technological advances in a number of areas
(MEMS and wireless communications, for instance) have
renewed the interest in the development of algorithms
and tools for the veriﬁcation of mixed-signal and mixedtechnology designs. Among them, frequency-domain simulation methods have acquired increased importance, because they are often better suited to assess the performance of particular types of systems, such as RF circuits
[1].
Most frequency-domain analysis methods developed so
far [2, 3, 4, 5] are based, either explicitly or implicitly,
on a linearization of the system equations. Hence they
cannot be used in those cases where the nonlinearities in
the system response cannot be ignored.
This work was supported in part by DARPA under contract
F33615-01-C-1971.

The only existing frequency-domain simulation methods
that can fully handle nonlinearities rely on the principle of harmonic balance [6], and a number of algorithms
based on this approach have been published [7, 8]. In
harmonic balance, the solution to the system equations
is expressed as a periodic or quasi-periodic Fourier series
in the time domain. The drawback intrinsic in this approach is that, by construction, it can only handle signals
with discrete frequency spectra. There are many situations, however, in which it is necessary to simulate the
behavior of a system in the presence of signals that do not
satisfy this requirement. For instance, the successful design of mixed-signal integrated circuits, in which analog
and digital components are fabricated on the same chip,
requires the assessment of the impact of digital noise on
the performance of the analog portions of the system.
The noise generated by digital circuits is best characterized as having a continuous frequency spectrum.
This paper presents a new frequency-domain simulation
algorithm developed speciﬁcally to compute the response
of nonlinear systems to band-limited signals having continuous spectra. The algorithm is based on a truncated
Fourier series expansion of the signals in the frequency
domain. Thus it can be considered, in a sense, the dual
approach to frequency-domain simulation with respect
to harmonic balance. Windowing techniques are used
to eliminate spurious oscillations in the computed spectrum caused by the Gibbs phenomenon. A quantitative
comparison of various windows is presented, based on a
newly introduced function associated with the window,
named the windowing error kernel. Results obtained
from numerical simulations with and without windowing
are compared.

Nonlinear frequency-domain simulation
Consider a nonlinear system (e.g. an integrated circuit)
that is described by the following system of equations:
d
f [x(t), t] + g[x(t), t] = u(t).
dt

(1)

shows that g0 = u0 . Therefore the following equation is
equivalent to (1):
d
∆f [∆x(t), t] + ∆g[∆x(t), t] = ∆u(t).
dt
ωM

-ωM

Fig. 1. Continuous frequency spectrum
In addition to lumped-constant electrical networks, this
equation describes many other types of dynamical systems, with the variables taking on various physical meanings.
In the frequency domain, equation (1) can be expressed
as [6]:
jωF[X(ω)] + G[X(ω)] = U(ω),
(2)
where X(ω) and U(ω) represent the Fourier transforms of
x(t) and u(t). The traditional approaches to frequencydomain analysis, which are based on harmonic balance,
perform sinusoidal expansions of the signals in the time
domain. This type of expansion, however, is applicable
only to signals that have discrete spectra. It will now
be shown that a dual approach, based on a sinusoidal
expansion of the signals in the frequency domain, can be
used to solve (1) (or, equivalently, (2)) when the signals
involved have continuous spectra.
It will be assumed that both the input u(t) and the solution x(t) have a frequency spectrum that has a ﬁnite
upper bound ωM , as shown in Fig. 1. In practice, this
condition can always be satisﬁed by choosing ωM suﬃciently large. Moreover, it will also be assumed that the
spectra of f [x(t), t] and g[x(t), t] satisfy the same condition.
In many instances, u(t) and x(t) contain a DC component, which creates a spike1 in their spectra at ω = 0.
The presence of spikes makes it problematic from a numerical standpoint to obtain an orthogonal series expansion of the spectrum. For this reason, it is more convenient to rewrite (1) so that the DC component is separated from the signals. For this purpose, let u0 , x0 , f0
and g0 be the DC components of u(t), x(t), f [x(t), t] and
g[x(t), t], respectively, and deﬁne the following quantities:
∆x(t)

= x(t) − x0 ,

∆u(t)
∆f [∆x(t), t]

= u(t) − u0 ,
= f [x0 + ∆x(t), t] − f0 ,

∆g[∆x(t), t]

= g[x0 + ∆x(t), t] − g0 .

Since u0 = U(0) and g0 = G[X(0)], setting ω = 0 in (2)
1 Theoretically,

a Dirac impulse.

(3)

Note that this is not a linearization of (1) around the
DC component of the signals: it is easy to verify that
x(t) = x0 + ∆x(t) solves (1) exactly, if ∆x(t) is the
solution of (3).
By assumption, the spectra of all the terms in (3) are
contained in the interval [−ωM , ωM ]. Therefore they can
be expanded in an orthogonal series over that interval.
For example:
∆U(ω) =

∞


U−k e−jkω̂ rπ (ω̂),

(4)

k=−∞

where ω̂ = πω/ωM and rπ (ω̂) is deﬁned as:

1,
|ω̂| ≤ π
rπ (ω̂) =
0,
|ω̂| > π.
Taking the inverse Fourier transform of (4) yields the
following series expansion for ∆u(t):
∞
ωM 
∆u(t) =
U−k sinc[ωM (t − tk )/π],
π

(5)

k=−∞

where: sinc x = sin πx/(πx), and tk = kπ/ωM . Evaluating this expression at t = tn shows that coeﬃcients Uk
in (4) are related to the values of ∆u(t) by the following
relationship:
ωM
U−n .
∆u(tn ) =
(6)
π
Equations (5) and (6), taken together, express the wellknown sampling theorem [9].
A similar series expansion can be obtained for the lefthand side of (3):
d
∆f [∆x(t), t] + ∆g[∆x(t), t]
dt
∞ 


=
∆ḟ [∆x(tk ), tk ] + ∆g[∆x(tk ), tk ] ·
k=−∞

sinc[ωM (t − tk )/π],



d
where: ∆ḟ [∆x(tk ), tk ] =
∆f [∆x(t), t]
. Consedt
t=tk
quently, in order for (3) to be satisﬁed the following
equality must hold at all points tk :
∆ḟ [∆x(tk ), tk ] + ∆g[∆x(tk ), tk ] = ∆u(tk ).

(7)

An expression for ∆ḟ [x(tk ), tk ] can be obtained starting
from the following series expansion:
∆f [∆x(t), t] =

∞

i=−∞

∆f [∆x(ti ), ti ] sinc[ωM (t − ti )/π].

Diﬀerentiating both sides of this equation yields:

1.2
1.1

But:
sinc [ωM (tk − ti )/π]

sinc (k − i)

i=k
 0,
(−1)k−i
=
, i=
 k.

(k − i)

=

1
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∞
ωM 
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Therefore:
∆ḟ [∆x(tk ), tk ] =

∞
ωM 
(−1)k−i
, (8)
∆f [∆x(ti ), ti ]
π i=−∞
k−i
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Fig. 2. Output spectrum of RC low-pass ﬁlter

i=k

where the value i = k is excluded from the summation.
Substituting this expression for ∆ḟ [∆x(tk ), tk ] in (7), and
truncating the inﬁnite series to a ﬁnite number of terms
(which is dependent upon the accuracy that one wishes
to achieve), yields the following equation:
ωM
π

N


Windowing
Given a sequence {xk }, ﬁnite or inﬁnite, its Discrete
Fourier Transform (DFT) is deﬁned as:
X(ω̂) =

k−i

∆f [∆x(ti ), ti ]

i=−N
i=k

(−1)
k−i

This is a set of 2N + 1 algebraic equations in the 2N + 1
unknowns ∆x(t−N ), ∆x(t−N +1 ), . . . , ∆x(tN ), which can
be solved using Newton’s method. The spectrum of
∆x(t) can then be computed from relationships analogous to those in (4) and (6):
N
π 
∆x(tk )e−jkω̂ rπ (ω̂).
ωM

xk e−jkω̂ .

(11)

k=−∞

+ ∆g[∆x(tk ), tk ] = ∆u(tk ). (9)

∆XN (ω) =

+∞


(10)

k=−N

As an example, consider a simple ﬁrst-order low-pass RC
circuit with a 3-dB frequency of 128 kHz and an input signal with a uniform frequency spectrum between −512kHz
and 512 kHz (white noise). If this circuit is simulated using the algorithm described above, the spectrum of the
output signal, as given by (10) with N = 128, is shown in
Fig. 2. While its overall shape matches that of the ﬁlter’s
transfer function, as expected, a spurious superimposed
oscillation is also clearly visible in the graph. This is a
well-known eﬀect, which is caused by the abrupt truncation of an inﬁnitely long signal to one of ﬁnite length
(Gibbs phenomenon). One way to reduce or eliminate
this unwanted eﬀect is to use windowing techniques [10].

The technique known as windowing consists of multiplying term-by-term the sequence {xk } by a ﬁnite sequence
of weights {wk } before computing the DFT:
XW (ω̂) =

N


wk xk e−jkω̂ .

(12)

k=−N

Truncation of the inﬁnite series in (11) to a ﬁnite number
of terms is a special case of windowing, corresponding to
w−N = w−N +1 = . . . = wN = 1; this particular choice of
weights is known as the rectangular window.
A comparison of (10) with (12) shows that, for
ω ∈ [−ωM , ωM ], ∆XN (ω) = (π/ωM )XW (ω̂), where
XW (ω̂) is obtained by applying the rectangular window
to the theoretically inﬁnite sequence xk = ∆x(tk ). It
will be shown in the remainder of this section that using
other windows to compute ∆XN (ω) leads to a signiﬁcant
improvement in the simulation results.
A well-known theorem of Fourier analysis [9] states that:
XW (ω̂) =

1
1
X(ω̂) ∗ W (ω̂) =
2π
2π

π
−π

X(θ)W (ω̂ − θ) dθ,

where W (ω̂) is the DFT of {wk }:
W (ω̂) =

N

k=−N

wk e−jkω̂ .

Let:

of a discontinuity in X(ω̂) at ω̂0 = π. Thus (14) can be
rewritten simply as:

N

wk −jkω̂
w0
ω̂ + j
e
.
IW (ω̂) =
2π
2πk
k=−N
k=0

EW (ω̂) =

2π

Then:
XW (ω̂)

= X(−π)IW (ω̂ + π) − X(π)IW (ω̂ − π)
π

+
−π

X  (θ)IW (ω̂ − θ) dθ.

Furthermore, it is easy to verify that:
X(ω̂) =

X(−π) + X(π) 1
+
2
2

π
−π

X  (θ) sign(ω̂ − θ) dθ.

Therefore the diﬀerence between XW (ω̂) and X(ω̂) is
given by:
EW (ω̂)

= XW (ω̂) − X(ω̂)

π

−π

X  (θ)KW (ω̂ − θ) dθ,

(13)

where K(ω̂) = IW (ω̂) − 1/2 sign(ω̂). EW (ω̂) represents
the error introduced by windowing in the computation of
the DFT.
Equation (13) can be simpliﬁed if w0 = 1. This condition is satisﬁed by all windows that are used in practice,
because it ensures that EW (ω̂) = 0 whenever X(ω̂) is
a constant. Assuming w0 = 1, the following equalities
hold:
IW (ω̂ + π) −

1
1
= IW (ω̂ − π) + = KW (ω̂ − π),
2
2

and (13) becomes:

with the understanding that X(ω̂) must be regarded as
a periodic function of period 2π, and that discontinuities
in X(ω̂) (including at ω̂ = π) generate Dirac impulses in
X  (ω̂), as explained above. Equation (15) shows that the
error introduced by windowing is completely characterized by KW (ω̂); for this reason, KW (ω̂) will be referred
to as the windowing error kernel.
In particular, the presence or absence of oscillations in
KW (ω̂) gives a good indication of the presence or absence
of oscillations in EW (ω̂), as can be seen by approximating
the integral in (15) with a ﬁnite sum:

EW (ω̂) ≈
∆θi X  (θi )KW (ω̂ − θi ).
This approximate equality shows that EW (ω̂) can be
thought of as the sum of shifted and scaled copies of
KW (ω̂).
All windows that are used in practice are real and symmetric (w−k = wk ). In this case, both IW (ω̂) and KW (ω̂)
are odd functions, IW (0) = 0, and K(0− ) = −K(0+ ) =
1/2. The ﬁve windows listed below are among those most
frequently mentioned in the literature [9, 10]:
Rectangular:
wk = 1,

π

−π

X  (θ)KW (ω̂ − θ) dθ.

k = −N, . . . , N.

Bartlett:
wk = 1 − |k|/N ,

k = −N, . . . , N.

Hanning:
wk = [1 + cos(kπ/N )]/2,

EW (ω̂) = [X(−π) − X(π)]KW (ω̂ − π)
+

(15)

i

1
= X(−π)[IW (ω̂ + π) − ]
2
1
− X(π)[IW (ω̂ − π) + ]
2
+

X  (θ)KW (ω̂ − θ) dθ,

k = −N, . . . , N.

Hamming:
(14)

The last term on the right-hand side of this equation
is the convolution of X  (ω̂), the derivative of the DFT
of the original sequence, with KW (ω̂), a function that
depends on the window used. If X(ω̂) has a discontinuity
at ω̂0 , then: X  (ω̂0 ) = [X(ω̂0+ ) − X(ω̂0− )]δ(ω̂ − ω̂0 ). The
presence of this Dirac impulse in the convolution integral
generates a term equal to [X(ω̂0+ ) − X(ω̂0− )]KW (ω̂ − ω̂0 )
in the expression for EW (ω̂).
If X(ω̂) is considered to be a periodic function of period
2π, then: X(π + ) = X(−π). This allows the ﬁrst term on
the right-hand side of (14) to be interpreted as the result

wk = 0.54 + 0.46 cos(kπ/N ),

k = −N, . . . , N.

Blackmann:
wk = 0.42 + 0.5 cos(kπ/N ) + 0.08 cos(2kπ/N ),
k = −N, . . . , N .
For comparison purposes, Fig. 3 shows the graphs of
KW (ω̂), with N = 8, for four of them (the graph for
the Hamming window is not shown because it is diﬃcult
to distinguish it from the graph of the Hanning window
in that ﬁgure). As a ﬁrst observation, the pronounced
oscillations in the rectangular window’s graph are absent
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Fig. 3. Windowing error kernels for N = 8
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Table 1. Values of ω̂/π (in percent) at speciﬁed error
kernel attenuations

0
rect.
bart.
hamm.

|KW (ω)/K
(0 )| (dB)
W

-20

+

-60

∧

-40

-80

-100
-120
-140
0

0.2

0.4

∧

ω/π

0.6

0.8

1

Fig. 4. Normalized windowing error kernel, N = 32
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Furthermore, the rate at which |KW (ω̂)| decays as |ω̂| increases provides a way to compare the relative accuracy
of the various windows. For this purpose, Figs. 4 and
5 show the graphs of |KW (ω̂)/KW (0+ )|, on logarithmic
scale, for the ﬁve windows listed above with N = 32.
An examination of those ﬁgures shows that, despite the
absence of oscillations, the Bartlett window is not likely
to produce more accurate results than the rectangular
window, as the corresponding graphs decay at very similar rates. The Hamming window’s kernel instead falls
40 dB below its peak value at ω̂ ≈ 0.1π, indicating that
two features (e.g. two peaks) in X(ω̂) that are separated
by 40 dB or less are likely to be visible in XW (ω̂), provided that their distance is at least 10% of ωM . The
graph, however, never decreases below a ﬂoor of approximately 50 dB, which means that this window’s separation resolution is at most 50 dB, and perhaps less. On
the other hand, the amplitudes of the side lobes of the
Hanning and Blackmann windows keep decreasing well
below those of the three other windows, an indication
that they can achieve better separation resolution.
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Fig. 5. Normalized windowing error kernel, N = 32

from all the other graphs, indicating that the other four
windows will generate smoother approximations to X(ω̂).

One way to quantify the relative accuracy of the various
windows is to compute the value of ω̂ where the ratio
|KW (ω̂)/KW (0+ )| falls below a certain level. Those values (expressed as a fraction of π) are listed in Table 1
for four of the ﬁve windows, and for three diﬀerent values of N. The ﬁgures reported in the table show that the
performances of the Hanning, Hamming and Blackman
windows are essentially equivalent for separation resolutions of 40 dB or less. Figs. 4 and 5, however, show that
the Hanning and Blackmann windows can achieve higher
resolution separation. In fact, among the ﬁve windows
considered here the Blackmann window appears to oﬀer
the best overall performance.
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Fig. 9. Output spectrum, Blackmann window

Numerical results

computed using the algorithm described earlier, with various values of N. The CPU time required for simulation
on a Sun Ultra 60 workstation running Solaris 8 is shown
in Fig. 7 as a function of N. The slope of the line indicates that the CPU time grows approximately as N 3 ; for
N = 128, it was approximately 32 minutes.
The spectrum of the output signal obtained directly from
(10) for N = 128 is shown in Fig. 8; the ripple caused by
the Gibbs phenomenon is clearly visible in the graph.
Fig. 9 shows the spectrum obtained by applying the
Blackmann window, with N = 128, to the simulation
results. For comparison purposes, the graph corresponding to N = 64 (both for simulation and windowing) is
also shown. No spurious oscillations are visible in either
graph, thanks to the high attenuation (approximately
70 dB) of the side lobes in the Blackmann window’s error kernel. It can also be seen that the two values of N

The analysis contained in the previous section shows that
windowing can improve signiﬁcantly the simulation results, in terms of both accuracy and appearance of the
computed spectrum. This is illustrated by the following
example, in which the spectrum obtained directly from
(10) (i.e. using the rectangular window) is compared with
the spectrum obtained by applying the Blackmann window of length 2N + 1 to {∆x(tk )}.
Fig. 6 shows a CMOS optical ampliﬁer. This circuit ampliﬁes the output of a photodetector, modeled by a current source applied to its input. The ampliﬁer load is
modeled by a 30 kΩ resistor at the ampliﬁer’s output. A
signal having a uniform power spectral density within a
1 GHz bandwidth (white noise) was applied to the ampliﬁer’s input, and the spectrum of the output signal was

give almost identical results: the largest diﬀerence (approximately 2%) occurs at f = 0. This is consistent with
the observation made earlier that appropriate windowing
reduces the error in the results, and thus the value of N
necessary to attain a given accuracy.
Conclusion
The approach to frequency-domain simulation described
in this paper is, in a way, the dual of the well-known
analysis method based on harmonic balance, in that the
unknown signals are expanded in a sinusoidal series in
the frequency domain, instead of the time domain. Taking the inverse Fourier transform of the series expansion
transforms the diﬀerential equation describing the system
into a ﬁnite set of algebraic equations in the time domain.
Just as in harmonic balance, the number of equations is
chosen based on the desired accuracy. Unlike harmonic
balance, however, the algorithm described in this paper
is suitable for handling signals with continuous spectra.
Using the algorithm on even very simple circuits reveals
that the Gibbs phenomenon causes a degradation in the
simulation results. This observations leads naturally to
investigating the use of windowing techniques for the purpose of improving the simulation results. It has been
shown that the error introduced by windowing is related
by a very simple expression (a convolution integral) to
KW (ω̂), which for this reason has been named the windowing error kernel. Because of this simple relationship,
an analysis based on KW (ω̂), instead of the more commonly used W (ω̂), is more suitable to examine the features of a given window, such as its resolution or the creation of spurious oscillations. Numerical results conﬁrm
the theoretical analysis, and indicate that the algorithm
described in this paper, when combined with windowing,
can be an eﬀective tool for the simulation of nonlinear
systems in the presence of continuous-spectrum signals.
As with harmonic balance, the computational eﬀort required for the analysis increases with the desired accuracy: in this case, the resolution in the computed spectrum. This is due mostly to the increase in the size of
the system of equations that must be solved. For this
reason, the use of algorithms to solve systems of equations that do not require matrix decompositions will be
investigated.
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