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ABSTRACT
In this paper a semi-analytical method is presented to model the
electron diffusion in an arbitrary p-substrate. The approach is based
on the Green function tecnique. The Green function is derived over
a multilayer substrate by solving the diffusion equations analyti-
cally in the z coordinate and numerically in the x and y coordi-
nates. Using this technique, the substrate coupling through the par-
asitic n-well-substrate-n-well bipolars can be accurately analyzed.
Preliminary results verify the suitability of the approach.

1. INTRODUCTION
Minority carrier diffusion is a main problem in SMART Power ICs
where underground conditions on the output driver stage can lead
to significant electron current injection into the substrate. This be-
havior is exemplified, among others, by half-bridge configurations
where negative voltages at the drain terminal of the power DMOS
occur during normal operation [1].
There exist several simulators capable of modeling injection of ma-
jority carriers into the substrate [2]. However, the only tools capa-
ble of evaluating the impact of minority carriers are 2-3D simula-
tors such as ISE DESSIS [1].
These tools incorporate advanced physical models and robust nu-
merical methods for the simulation of most types of semiconductor
devices [3]. Due to their numerical complexity, often these meth-
ods are computationally inefficient. Thus becomes necessary topo-
logical reduction of the structures under test. Another limitation
of 2-3D tools is the difficulty of correlating simulation results with
immunity problems often present in ICs.
Considering the previous example, the power DMOS n-well / sub-
strate junction can be modeled as the base-emitter of a bipolar
(fig. 1) whose collector is any other n-well in the substrate. In
this paper, anad hocapproach (called Minority Diffusion Green-
function-based Method, MIDGEM), based on [4], is derived which
efficiently extracts the beta parameter of this equivalent npn bjt. A
new Green function was derived for the minority carrier problem
and it is presented in this work. The method, implemented in c++,
was verified with full 3D simulations performed in ISE DESSIS.

2. PROBLEM FORMULATION
The continuity equations can be written as [5]8<:
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Considering the specific problem under study it is possible to make
the following simplifications:

1. in the case of a p-substrate the hole diffusion can be ignored
when only the continuity equations for minority carriers in
the substrate are considered

2. the Drift component of the electron current density is omitted
because electrons are minority carriers and it’s assumed a
low level injection condition

3. no other processes, like light [5], are present

Under these assumptions the continuity equations become
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In the hypothesis of low injection [7] [8] (3) becomes
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wherenp0 is the substrate electron concentration at the equilibrium,
so
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Assuming steady state (6) becomes

Dn∇2n =
∆n

τn
. (7)



For a current source characterized by a minority carriers injection
rateξ (with dimensioncarriers · cm−3s−1) (7) can be rewritten
as

Dn∇2n− ∆n

τn
= ξ. (8)

Again under the above assumptions, (8) can be solved almost ana-
lytically by use of the Green function. In a medium with prescribed
boundary conditions, the Green function,G(r | rs), relates the
electron concentration at any pointr as a function of an electron
source placed at a locationrs. Assuming zero electron concentra-
tion at the chip backplane and vanishing normal electric current on
the other faces, the electron concentration due to an arbitrary elec-
tron source simplifies to

∆n(r) =

Z
V

ξ(rs)G(r | rs)drs, (9)

whereV is the chip volume region andξ(rs) is the function that
describes the electron source.
Furthermore, assuming that:

1. the dimension of the contacts is negligible with respect to
the substrate geometry, so that the extraction of the Green
function can be done neglecting the contacts. (If this con-
dition were not satisfied, the method would be too complex
and thereby less attractive.)

2. the current density at a contact is independent on the pres-
ence and location of other contacts. (Considering the case of
two victim contacts and a source one injecting a current, this
condition means that the current collected at one of the two
victims is the same if the other contact is not present or, if it
is present, it is not connected to any potential.)

The existence of a victim contact adds another condition∆n = 0

at the surface since all the minority carriers in excess at its surface
are collected.
Finally, the minority carriers density is expressed as the sum of two
terms. The first term depends on the current source position and
the second on the victim contact position
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whereR1 andR2 are the respective carrier density rates and will
be described in detail in the next section.
We are not interested in the minority carriers density but in the total
current collected at the victim contact, v, due to the current injected
at the source contact, s, that from (10) is
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The first term is zero because the integration in (11) is over the
victim contact surface area,Sv, and the derivative ofG(r | rs) at
z = 0 is null everywhere but in(xs, ys, 0). Due to the discontinuity

condition imposed by the victim contact, the second term can be
rewritten as
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Equation (11) becomesIi = qR2, where theR2 term is defined in
(19), while the total current injected by the source contact is instead
Iinj = qR1 so it is possible to expressα as follows
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Parameterβ of the equivalent npn transistor is trivially derived as
β = α

1−α
. The two double integrals of (13) can’t be analyti-

cally solved because of the double infinite summation present in
the Green function (see (28)). For this reason a grid is applied
to the substrate top surface and the two integrals are numerically
calculated for everyrv andrs combination [4],[6]. The resulting
coefficients are known ascross-coupling diffusion coefficientsand
they are organized in matrix form.
Because the two Green functions,G(r | rs) andG′(r | rs), are
identical but with a different centering point the numerical calcu-
lations are done only once. The source and the victim contacts
are then partitioned in sub-elements through the grid previously
defined (see fig. 1) and the numerator and denominator of (13) are
calculated as the sum of the correspondent cross-coupling diffusion
coefficients.

3. DIFFUSION EQUATION SOLUTION
For the relations of (8) to be met, the Green function has to satisfy
the following equation

∇2G(r |rs)−
1

Dnτn
G(r | rs) = − 1

Dn
δ(r− rs). (14)

In Section 6 a method is shown to derive an expression of the Green
function when the victim contact is not present. To enforce this
boundary condition another Green functionG′(r | rv) is added to
the Green function which solved (14) for the source point centered
into the victim point.G′(x, y, z | rv) is a solution of the relative
homogeneous equation of (14) and for(x, y, z) = (xs, ys, zs)

∇2G′(rs | rv)−
1

Dnτn
G′(rs | rv) = 0 (15)

sinceG′(x, y, z | rv) is centered in the victim point.
In fact, the presence of the victim contact introduces a second dis-
continuity at the substrate top surface (the first discontinuity is due
to the source contact) for(x, y, z) = (xv, yv, zv) since forz = 0

Figure 1: Contact Discretization



the z-derivative ofG(r | rs, rv) must vanish everywhere but at the
victim contact. The first discontinuity is accounted for byG(r | rs)

while the second byG′(r | rv). Therefore, the minority carriers
density at the point ”r ” in the substrate can be defined as

∆n(r) =

Z
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ξ2(rv)G
′(r | rv)drv,

(16)

whereξ2 must be determined in order to solve the problem. Sup-
posing that both functionsξ1 andξ2 are planar surface sources of
a constant and equal distributed minority carrier density ratesR1

andR2, then the following equations must hold
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Let us now define theR2 parameter in (17) in order to verify all
the boundary conditions. The existence of the victim contact at
(x, y, z) = (xv, yv, zv) imposes not only that the z-derivative of G
at this point be different from zero but also that the minority carriers
in excess must vanish. This condition can be written as
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hence, solving forR2,
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Finally, because of the method used in (18), it remains to be demon-
strated that in all the substrate region the minority carriers in ex-
cess,∆n, are always greater or equal then zero. The complexity
of the Green function prevents a direct verification of this condi-
tion. However, we give here an intuition why the conditions actu-
ally holds.
In open space, reducing to one dimension, the electron concentra-
tion can be expressed as

n(x) = ns exp

„
−|x− xs|

Leff

«
, (20)

wherens is the electron concentration at the source point (where
a discontinuity is introduced by the abs) andLeff is the effective
diffusion length. Rewriting (17) using the open-space equivalent
solution
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«
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wherenv is derived from condition (18).
It is easy to show that (21) has an absolute minimum inxv. Such
minimum is zero due to the condition of (18).

4. EXTENDING THE METHOD
When more than one victim contacts exist, (17) becomes
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Max Cputime Notes
DESSIS 1h 13m SunFire V120 648Mhz, 2560Mb of ram

MIDGEM 4.7 s Mac G4 1.33 Ghz, 512MB of ram

Table 1: Cputime comparision for the test structure shown in
fig. 2

In this case the computation ofRi coefficients is no longer correct
if equation (19) is used. By doing so, the minority carriers in ex-
cess would no longer vanish at all victim contacts. Hence, theRi

coefficients must be calculated considering the equivalent multidi-
mensional formulation26664
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..
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37775
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(23)

where

f(rvi | rvj) =
1
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Z
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Considering the open-space expression of the diffusion law it is
possible to verify that also in this case the method used in (23)
ensures that∆n is always greater or equal than zero in all the sub-
strate region.
This extended method requires the inversion of the f matrix, as
shown in (23). The complexity of doing this is cubic in the number
of victim contacts.

5. RESULTS
In this section a comparison is presented between the results ob-
tained simulating the electron diffusion on a particular structure
with ISE DESSIS and with MIDGEM. It must be clarified that
while MIDGEM requires only the contacts to be meshed (and it

Figure 2: Test Structure



Figure 3: α (see eq. 13) as a function ofd for the structure of
fig. 2 without victim2 and 3 contacts

Figure 4: Collected current at victim1 and 3 for b=c=200µm
and d=300µm as a function of the voltage applied to the inject-
ing n-well/substrate junction

must be done only once if the chip geometrical and electrical char-
acteristics don’t change), in DESSIS the entire substrate is meshed
(and, for optimization, if a single contact is varied, then the entire
problem has to be recomputed). This is why MIDGEM is more
computationally efficient (tab. 1).
The first tests are performed on a lateral npn fabricated using two
n-wells on a p-substrate, whereby the distance between the wells is
parameterized as shown in fig. 2. The dimensions of the substrate
are set to 1000x1000x300µm doped with a boron concentration
of 1016cm−3 and a back contact modeled as a conductive surface.
The n-wells are modeled as a box of 100x100x10µm doped with
a phosphorus concentration of1020cm−3 and a surface contact at
the top modeling the metal contact. The n-wells are denominated
”injecting” and ”victim1” (”victim2” and ”victim3” at first are not
included).
Fig. 3 reports the ratio between the collected and injected currents
as a function ofd. The error between DESSIS and MIDGEM is
no more than 32%. Moreover, since the contacts are modeled as
simple surfaces, the nearer the contacts the higher the lateral com-
ponent of the injected current. A higher collected current from the
n-well side-walls may therefore affect the results.
Other results are presented in fig. 4 where victim2 is removed from
the test structure: the method is pretty accurate (50% of error) also
in the case of contacts very near the chip sidewalls (50µm). As
expected, the diffusion law dominates for injected current lower

than some milliamperes and the structure acts like a bipolar. For
bigger currents, the resistive nature of the substrate becomes more
important. This is generally true for commonly-used smart-power
technologies as reported in [1].
The structure was also tested without contact3 to verify an asym-
metric case to compare the approach proposed in Section 3, let us
call this MIDGEM1, and the one presented in Section 4, let us call
this MIDGEM2. In this case, the current collected by each of the
contacts is

Ivictimi =
βvictimi

1 +
Pn

j=1 βvictimj

Iinjected, (25)

where ”n” is the number of victim contacts considered. MIDGEM1
clearly introduces a consistent error in the calculation ofα referred
to the second victim contact when the two contacts are near and par-
ticularly in the case of d=400µm. MIDGEM2, instead, as shown
in fig. 6, induces a maximum error of about 20%.
In SMART Power ICs the power transistors act like sources and
usually the only contacts that are near them are those of other power-
transistors. In this case the error introduced in nearby areas is com-
pensated by low diffusion coefficients in far regions which are very
well estimated. Hence the overall error is generally limited. In
these cases MIDGEM1 could be a viable alternative to speed up
the extraction process.

Figure 5: α as a function of the distanced for the victim 2 con-
tact of the structure of fig. 2 using the MIDGEM1 method

Figure 6: α as a function of the distanced for the victim 2 con-
tact of the structure of fig. 2 using the MIDGEM2 method



6. CONCLUSIONS
In this paper, a novel technique based on a Greens Function ap-
proach to substrate analysis have been proposed for efficient evalu-
ation of parasitic electron diffusion in SMART Power ICs.
Preliminary results demonstrate the validity of the assumptions and
the good accuracy of this method. Due to the efficiency of the
Greens Function approach, the proposed technique can be used in
what-if analyses as well as in optimization, including placement
and routing. Finally, the tool can be useful in determininga priori
immunity of the circuit to this type of interferences, thus helping
control yield and minimizing design risks.
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APPENDIX: Green Function Derivation
Starting from (14), let us separate the variable and expressG(r |
rs) = X(x, xs)Y (y, ys)Z(z, zs). The equation becomes

Y Z
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dy2
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ChooseX = cos(mπx
Lx

) andY = cos(nπy
Ly

) wherem = 0, 1, 2, ..

andn = 0, 1, 2, .., in order to satisfy the relative homogeneous
equations and the boundary condition of zero normal current on
the side walls. Equation (26) becomes
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The derivation then follows exactly what done in [4] so it’s not
presented here. The final expression is

G(r | rs) =
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whereCm,n equals 1 for m=n=0, 2 for m=0 andn 66= 0 or m 66= 0

and n=0, 4 otherwise.


