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Top view: quad 
core  
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Temperatures reported are on the die bottom face 
and centered with each die region
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Active core 0 at 20 W: T 
distribution
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Quad-core

cache

core0 core3core2core1

t1
t2

t0

t3
t4

systemc2
c1
c0

c4
c3



@ S. Tan 2007

Transfer function
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LTI (linear, time-invariant systems)

input signal   and output   

where   is the transfer function of the LTI system 
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Impulse responses and pole-
residue representation
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domain
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Concepts of Matrix Pencil

Matrix pencil

Pencil-of-function

21)( zYYzM −=
where z is a scalar valuable, Y1 and Y2 are two (square or rectangular )
matrices.
M(z) decreases its rank  by one if only if  z is the generalized eigenvalues 
of M, which contain the desired information about the system like directions 
of the wave arrivals and the signal poles (thus the poles of the system, which 
generates the signals). 
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General pencil-of-function method
Used for extracting poles and residues 
from transient signals.

k = 0, 1, …, N-1, 

pi are the complex poles,

∆t is the sampling interval.

ri are the complex residues,

∑
=

Δ=
M
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1
)  exp( N: # of samples

L: window size for GPOF,. 
i.e. number of samples used 
in GPOF.
M: # of poles used in the 
model.
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General pencil-of-function method

Define following pof as 

Define Y1 and Y2 as 
MM yyyyyy λλλ −−− −12110 ,...,,

Then, we have

So,  the rank of matrix pencil reduces one when    becomes zi, which
is the poles in the z-domain (                   )  as Y1 and Y2 span the same 
Subspaces of sampled signals.    

λ
)exp( ii tpz Δ=
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General Pencil of Function Method



@ S. Tan 2007

How to choose M and L

M is model order number.
L is sampling window size. 
N is the number of total sampled points.
For GPOF, M ≤ L ≤ N-M. Allow different 
window sizes and pole numbers.
Typically, choosing L = N/2 and M = L can 
yield better results.



@ S. Tan 2007

Sampling issue

Traditional MP using constant interval time 
for sampling.

Temperature increase dramatically fast in the first 
few seconds.

Log-scale sampling is a good way.
Numerical differentiation for computing 
impulse response.

Need to compute the impulse response instead of 
step responses, which are given.
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Linear vs Log-scale 
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Numerical Differential and 
Stabilization (1)

Stable pole extraction
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Numerical Differential and 
Stabilization (2)

Stabilizing the starting response

Impulse and step 
responses 
without starting 
time truncation.

Impulse and step 
responses with 
starting time 
truncation.
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Training

Extracting 5 groups of poles and residues 
using matrix pencil method.
Obtaining the transfer function of the system.
Simulating the output of the system (thermal 
simulation).
Linear combination
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Simulation result (1)

Core0’s temperature increase curve, when all the 
cores and cache are active (driven by 20W powers).
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Simulation result (2)

Cache’s temperature increase curve, when all the 
cores and cache are active (driven by 20W powers).
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Simulation result (3)
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Simulation result (4)

The maximum difference is less than 0.5 oC and 1 % for all 
the cores.

The average difference is less than 0.3 oC and 0.3 % for 
all the cores.
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Conclusion

Efficient on-chip thermal analysis technique is 
required for on-chip dynamic thermal 
management study and run-timing DTM.
Developed a new estimation method to 
compute real microprocessor Function Units’
power.
Developed behavioral thermal modeling 
techniques based on general pencil-of-
function method.
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